. . , t n N : t ∈ k ⊂ A N a monomial curve in affine space over a field k. We assume that k is algebraically closed. There is a long-standing problem whether it is defined by N − 1 polynomials: i.e. there are
Note that the codimension of C in A N is N − 1, so we might say that it is defined by the least number of polynomials. When this is the case, we say that C is a set-theoretic complete intersection. This conjecture is a special case in Kronecker's problem which asks whether every affine curve is a set-theoretic complete intersection. And there are partial answers for the conjecture in the case of monomial curves. For example, if N = 3, it is affirmatively answered (cf. [7] ). If N = 4, and if its defining ideal is Gorenstein or an almost complete intersection, then C is a set-theoretic complete intersection [1, 3] . However, the general case of the problem whether every monomial curve in affine four space is a set-theoretic complete intersection is still open.
In this paper, we prove that C is a set-theoretic complete intersection, if N = 4, and if the least number of n 1 , n 2 , n 3 and n 4 is less than or equal to 13. This result is inspired by [2] , in which it is investigated when the least number is four. To prove our main result, we use modular arithmetic, which deals with finite numbers. On the other hand, even if we fix the first number n 1 , there are infinitely many monomial curves for which we must prove that are set-theoretic complete intersections. In fact, two criterions of set-theoretic complete intersections enable us to reduce the question to finite cases. These are Theorem 1.5 and Theorem 1.6. The first is easily proved, the other is not, so we take one section to prove it. This is done in section two. In Section 1, we present basic notions and definitions of lattice ideals and also known results that are needed. After proving Theorem 1.6 in Section 2, in Section 3 we provide conditions under which monomial curves are set-theoretic complete intersections, by modular arithmetic.
Preliminaries
In this section, we recall notions and definitions for lattice ideals. For more details we refer to [4] .
Let Z be the ring of integers, N 0 the set of non-negative integers and A = k[ X 1 , . . . , X N ] a polynomial ring over a field k where N > 0. We denote the characteristic of k by char k.
we denote the monomial is generated by all binomials of the form F (v) where v ∈ V and its height is equal to the rank of V . Note that every monomial X i is a non-zero divisor on A/I(V ). For natural numbers n 1 , . . . ,n N , the 
Then the following lemma is well known. 
By a result of monomial curves in affine 3-space (e.g. [7] ), if V = Ker(n 1 , n 2 , n 3 ), then We may assume that the gcd of all d j 's is one and that there is j with d j > 0. We have In general, we say that an ideal I in a ring R is a set-theoretic complete intersection if it is generated by s elements up to radical where s = ht I . And, for a subideal J in I , we say that I is a set-theoretic complete intersection (shortly stci) on J if I/ J is a set-theoretic complete intersection. Note that affine monomial curves are set-theoretic complete intersections if N 3 (e.g. [7] ). We also give two more results. (1) I(V ) is stci on I(W ), (2) 
Roughly speaking, a Z-homomorphism τ is a defining map of a positive submodule W , if Kerτ contains W and has the same rank as W , and if it is defined by the matrix whose entries are nonnegative integers [5] . For more details, see [5] . We will give two theorems which give criterions of set-theoretic complete intersections for affine monomial curves. 
for some p > 0, q > 0 by a similar argument to the proof in which monomial curves in affine 3-space are set-theoretic complete intersections [7] . 
Proof of Theorem 1.6
In this section, we prove Theorem 1.6. We may assume char k = 0. Let n 1 , n 2 , n 3 and n 4 be natural numbers whose gcd is one and V = Ker(n 1 , n 2 , n 3 , n 4 ). We always assume that n 1 + n 4 is contained in the semigroup generated by n 2 and n 3 , equivalently that there is w
Although some of the results in this section are valid in more general form, we do not mention them in their full generality.
We also fix the following notations: Let τ : Z 4 → Z 4 be the map defined by the matrix w) ) and that it is a defining map of W if supp w − = {2, 3} (cf. [5] ). And put ι : 
Proof. Without loss of generality, we may assume S = {1,
Without loss of generality, we may assume 
Proof. In both cases, there are c 1 ,
c ∈ Im τ , where τ is the algebra map induced by τ . Equivalently, there is a c > 0 with
By the similar argument, there are
are contained in H . We may assume 
. 
We also use notations 
Since w i ∈ V , we may write
Then C is a cone and
Hence we may assume 
. If one of the following conditions is satisfied, then I(V ) is stci on I(W 1 ) ∩ I(W 2 ).
(1)
(2) There is an l with
Proof. In case (1), the assertion follows from [5, Theorem 3.2] .
Assume the condition (2) . 
Finally, assume the condition (3) . Let 
is stci on a complete intersection lattice ideal I(W 2 ), thus a set-theoretic complete intersection by Theorem 1.3. By Lemma 2.13, we may assume 
is a set-theoretic complete intersection. Assume
Proof. By the assumption, I(V ) is stci on I(W j
by Theorem 2.11, and a set-theoretic complete intersection.
) is a set-theoretic complete intersection, so is I(V ). This completes the proof. 2 Theorem 1.6 follows from Proposition 2.14 and Theorem 2.15.
Modular arithmetic
In [2] , Sh. Eliahou proved the following:
then the affine monomial curve C defined by n 1 , n 2 , n 3 and n 4 is a set-theoretic complete intersection. 5, 6, 7) , then C is a set-theoretic complete intersection. In this section we generalize the above proposition. Note that:
If a 0, then n 4 is contained in the semigroup generated by 4, n 2 and n 3 .
If a > 0, then C is a set-theoretic complete intersection by Theorem 1.6.
Hence, if n 1 = 4, then C is a set-theoretic complete intersection. In this section, we extend this result for any n 1 less than or equal to 13. Throughout this section, let V = Ker(n 1 , n 2 , n 3 , n 4 ) where n 1 , n 2 , n 3 and n 4 are natural numbers whose gcd is one.
Lemma 3.2. If one of the following conditions is satisfied, then I(V ) is a set-theoretic complete intersection.
(
Proof. Assume n 2 ≡ n 3 mod n 1 . Then n 2 is contained in the semigroup generated by n 1 and n 3 , or n 3 is contained in the semigroup generated by n 1 and n 2 . Thus I(V ) is a set-theoretic complete intersection, since affine monomial curves in affine three space are set-theoretic complete intersections (e.g. [7] ). This proves (1) .
Assume n 2 + n 3 ≡ 0 mod n 1 . Since n 2 + n 3 is contained in the semigroup generated by n 1 and n 4 , I(V ) is a set-theoretic complete intersection by Theorem 1.6. This proves (2) .
Lastly, we prove (3). Assume n 2 + n 3 ≡ n 4 mod n 1 . Then V contains a vector t (a, −1, −1, 1) where a ∈ Z. Then, if a > 0, then I(V ) is a set-theoretic complete intersection by Theorem 1.6. If a 0, then n 4 is contained in the semigroup generated by n 1 , n 2 and n 3 . In any case, I(V ) is a set-theoretic complete intersection as above. 2 ρ 1 (a 1 , a 2 , a 3 , a 4 ) = (a 1 , a 2 , a 3 , da 4 ) . Then 
i > 1 and j 1 such that the existence of them proves that I(V ) is a set-theoretic complete intersection (for instance, by Theorem 1.5 or Theorem 1.6).
Thus the existence of the matrix M(n 1 ; n 2 , n 3 , n 4 ) proves that the monomial curve defined by n 1 , n 2 , n 3 , n 4 is a set-theoretic complete intersection. Note that this last matrix is not unique, since there may be different sets of four vectors that can prove the same curve is a set-theoretic complete intersection.
Proof. (1) , (2) 
Hence I(V ) is a set-theoretic complete intersection by Theorem 1.5. We claim
Let V = Ker(5, 1 + 5a 1 , 2 + 5a 2 , 3 + 5a 3 ) where a 1 , a 2 , a 3 are non-negative integers. The inner product of each column vector and (1, 2, 3 ) is a multiple of 5 and this implies that each column vector defines an element v j in V for each j by Lemma 3.5 (2) . Since 
Proof. This follows from the observation that a 2 n 2 + a 3 n 3 + a 4 n 4 ≡ 0 mod n 1 if and only if a 2 n 2 + a 3 n 3 + a 4 n 4 ≡ 0 mod n 1 . 2 Example 3.9. Since M (5; 1, 2, 3 ) exists, we have M(5; 4, 3, 2) = M (5; 1, 2, 3) . In particular, I(V ) is a set-theoretic complete intersection if V = Ker (5, 7, 8, 9 ).
The following lemma is clear. 
Lemma 3.10. We have M(n
From above lemmas, we have
4) M(n 1 ; n 2 , n 3 , n 4 ) exists if n i + n j ≡ 0 mod n 1 for any 1 < i < j, (5) M(n 1 ; n 2 , n 3 , n 4 ) exists if n i + n j ≡ n k mod n 1 for any 1 < i < j and k > 0.
So we have to investigate the existence of M(n 1 ; n 2 , n 3 , n 4 ) under the following assumption:
(1) 0 < n 2 < n 3 < n 4 < n 1 − n 2 , (2) n i + n j ≡ 0 mod n 1 for any 1 < i < j, (3) n i + n j ≡ n k mod n 1 for any 1 < i < j and k > 0.
Clearly, if n 1 < 5, then the list of n 1 , n 2 , n 3 , n 4 satisfying the above is empty. If n 1 = 5, then (n 2 , n 3 , n 4 ) = (1, 2, 3) is the unique triple satisfying (1) . Since it does not satisfy (2), we conclude that I(V ) is a set-theoretic complete intersection, if n 1 = 5. Assume n 1 = 6. If (n 2 , n 3 , n 4 ) satisfies the conditions (1) and (2), then (n 2 , n 3 , n 4 ) = (1, 2, 3) or (1, 3, 4) .
None of them satisfy (3).
Consider the case of n 1 = 7. By Lemma 3.10, we may assume n 2 = 1. If (1, n 3 , n 4 ) satisfies the conditions (1), (2) and (3) then (n 2 , n 3 , n 4 ) = (1, 2, 4).
Assume n 1 > 7. By Lemma 3.3, we may add more conditions: (4) gcd(n 1 , n 3 , n 4 ) = gcd(n 1 , n 2 , n 4 ) = gcd(n 1 , n 2 , n 3 ) = 1, (5) (n 2 , n 3 , n 4 ) ≡ d(n 2 , n 3 , n 4 ) mod n 1 for any d > 0 and any triple (n 2 , n 3 , n 4 ) such that M(n 1 ; n 2 , n 3 , n 4 ) exists. (1, 3, 5) , (1, 3, 7) , (1, 3, 8) , (1, 3, 10) , (1, 4, 7) , (1, 6, 11) , (1, 7, 9) , (1, 7, 10) , (1, 7, 12) , (1, 9, 11).
For the above triples, we give a matrix M(n 1 ; n 2 , n 3 , n 4 ) and the relation of v 1 , v 2 , v 3 , and v 4 , and it turns out that I(V ) is a set-theoretic complete intersection in all cases except one, the n 1 = 14 and (1, 9, 11). 
M(8;
1
